We consider a modification of the standard Einstein theory in four dimensions, alternative to R. Jackiw and S.-Y. Pi, Phys. Rev. D 68, 104012 (2003), since it is based on the first-order (Einstein-Cartan) approach to General Relativity, whose gauge structure is manifest. This is done by introducing an additional topological term in the action which becomes a Lorentz-violating term by virtue of the dependence of the coupling on the space-time point. We obtain a condition on the solutions of the Einstein equations, such that they persist in the deformed theory, and show that the solutions remarkably correspond to the classical solutions of a collection of independent 2 + 1-d (topological) Chern-Simons gravities. Finally, we study the relation with the standard second-order approach and argue that they both coincide to leading order in the modulus of the Lorentz-violating vector field.
Introduction.
A few years ago, a modification of Maxwells electromagnetism in four dimensions was proposed which considers a kind of Chern-Simons (CS) term in the action dx 4 V α ǫ αβµν A β F µν where Lorentz symmetry is explicitly broken by an external vector V µ [1] . There is growing literature on the study of this proposal and its consequences [2, 3, 4] .
In a recent work [5] , we emphasized that broken Lorentz symmetry (abbreviated as BLS) could be obtained from physically realistic background configurations in nonlinear relativistically invariant electrodynamics. It was also pointed out that standard Chern-Simons terms (in 2 + 1-dimensions [5] ) are automatically present in a BLS action when we search for planar features (thus turning dimensional reduction unnecessary). In fact, the BLS action is actually a CS theory in (2 + 1)-dimensions embedded in (3 + 1)-dimensions, and by itself, it does not encode any information on the field-dependence in the direction of the external (for instance, spacelike) vector V : if z is its affine parameter, i.e. V = ∂ ∂z , then we get a foliation of the space-time in (2 + 1) hypersurfaces Σ z parameterized by z (and V is orthogonal to each hypersurface 2 ). Therefore, the BLS action may be written as
where
is the Chern-Simons action for the 1-form gauge field A(z) on a three-dimensional manifold Σ z . Thus, the dependence of this field on the parameter z is not determined by this theory. It only has to satisfy usual convergence conditions. For example, if the interval (0, L) extends to (−∞, +∞), A(z) has to be an square-integrable function (A ∈ L 2 (IR)). In this sense, we can interpret the BLS action simply as a sum of Chern-Simons theories on manifolds Σ z . Remarkably notice that this describes an eventual situation of confinement of the electromagnetic field (photon) into a (2 + 1)-manifold, which does not result from a constraint of the charged matter into a planar sample. The present approach actually constitutes an attempt of naturally extending to gravity some of these ideas.
On the other hand, a Chern-Simons modification of gravity in four dimensions via a BLS term was recently introduced by Jackiw and Pi [6] in a similar way as that for electrodynamics. However, this approach is based on the second order formulation of general relativity, where the most relevant aspects of the Maxwell theory, related to the gauge structure, are hidden. This is actually the main motivation to construct an alternative formulation where the gauge structure is emphasized. In this work, we consider a BLS/CS deformation of standard gravity but alternatively based on first-order Cartan's formalism (see appendix), which treats the Riemann tensor as an standard gauge curvature for the spin-connection which may be viewed as a gauge variable of SO (1, 3) . Thus, such an approach is closer in spirit to the Chern-Simons deformation of electrodynamics [1] .
Another very important subject naturally appears in this context: to determine the space of solutions of the deformed theory and, in particular, under what conditions it contains solutions of standard Einstein gravity. The question of the persistence of the GR-solutions in the second-order approach to CS modified gravity was analyzed from the beginning [6] up to recently [7] , [8] . The role played by the Pontryagyn constraint (a vanishing Pontryagyn gravitational index) in this problem was first emphasized in Ref. [8] , where it was observed that the satisfaction of this constraint is a necessary but not sufficient condition for these solutions. This issue is also analyzed in this paper and it is shown that the problem presents some different aspects in the present Einstein-Cartan (EC) formulation. In particular the constraint found for persistent GR solutions is different here but the Pontryagyn constraint is also a necessary condition as in the standard (second-order) context [8] . It may be argued furthermore that this problem (in EC) reduces to solve a collection of pure (source-free) Chern-Simons theories.
This article is organized as follows. In Section 2 we describe and analyze the BLS/CS deformation of the Einstein-Cartan gravity, as well as some interesting features of the model. In Section 3, we study the persistence of the standard GR solutions and observe the relation of this problem with pure ChernSimons theories in 2 + 1-dimensions. In Section 4, we discuss the relation between the Einstein-Cartan formulation with the standard second-order approach [6] . Final remarks are given in Section 5.
2 Chern-Simons modified gravity.
The model we are going to consider here assumes a non-linear (but relativistic) dynamics which induces a modification of this kind (BLS) on the standard Einstein theory [6] [9] . In this sense, it may furthermore be argued that BLS/CS does not need to be introduced by hand, but it can naturally appear in some realistic physical situations; for example, according to the philosophy adopted for electrodynamics [5] , in the presence of background gravitational fields and/or when nonuniform distributions of matter are considered.
We use both the abstract index notation 3 (see appendix for more details), and forms notation (by omitting abstract subindices) whenever it is convenient. So, greek indices µ, ν, ... 4 denote the element of a tetrad (vierbein) basis (e a ) µ , and consequently components of any tensor in this basis. Let us propose a Chern-Simons modification of general relativity (GR) in the first-order formalism (see appendix):
where the two-form
ν is defined as the SO(1, 3) field strength for the gauge field w µ a ν . The scalar τ is, in principle, a pointwise function of the geometry observables, as the curvature tensor, and of some "extra" (matter) field, denoted by φ. So, the embedding variable is considered itself as a dynamical variable rather than a fixed external quantity.
Notice then that Lorentz symmetry is preserved in a fundamental sense. If one assumes that a more fundamental unified theory of matter and gravity is non-linear, a saddle point expansion about background solutions typically shall give origin to a BLS term (and even spontaneous BLS terms) with a fixed τ of this form [10] . This may be easily argued for sufficiently generic non linear (toy) theories, in similar ways as that for Electrodynamics (see Ref. [5] ).
The first term corresponds to the usual General Relativity (GR) action in the Einstein-Cartan representation, the second one is the Chern-Simons modification, where we have assumed that the coefficient τ may depend on the curvature components and/or other (matter) fields. In such a sense, this term should be viewed as an interaction term. This may be expressed as
is the Chern-Simons current density whose divergence is the topological number called the gravitational
For simplicity, let us restrict ourselves to the case when τ does not depend on the geometric variables e a µ , w µ a ν . Notice, remarkably, that the matter fields are coupled to the geometry through the topological term. The third term of (3) encodes the dynamics of the field φ but we do not give here any explicit Lagrangian [5] [11] . However, we can notice that, in general, the gravitational Pontryagyn density constitutes a source (which is a topological charge) for the equation of motion of φ, i.e.,
where we have assumed that τ is only a pointwise function of φ but not of its derivatives.
In particular, if we consider the simplest case, where τ ≡ φ, and S matter [φ] is a Klein-Gordon field on a curved space-time:
(∇ a ∇ a − m 2 )φ = P .
Let us notice that if S matter ≡ 0, by varying the action with respect to φ one obtains an additional equation of motion which constrains the space-time geometry, the Pontryagyn constraint:
Because this action is dipheomorphism invariant, the Einstein tensor G a µ , defined in the EC approach as the variation of the action with respect to tetrad, is divergence free in this case. Simultaneously, so as in the second-order formulation [6] , one may verify here that ∇ a G a µ ∝ P e a µ ∂ a τ , when the CS contribution to the covariant divergence (through the equation of motion for the spin connection found below) is taken into account. Therefore, the Pontryagyn constraint implies that this divergence vanishes [8] . In contrast, if one adopts a more genuine BLS point of view, where τ is assumed to be an external arbitrary function of the space-time point (a background field), in principle this constraint could not be satisfied, and consequently, the conservation of energy-momentum of the system would be also violated. However there is no conceptual problem with this fact, which is consistent with translation/boost symmetry violation caused by the presence of the BLS-external field. So the Pontryagyn constraint must be imposed if one requires that this symmetry be respected by the theory.
Let us now derive the equations of motion for the geometry. Varying the action with respect to e µ a , we have:
where one has defined T ′ ab := T ab + g ab (T cd g cd )/2, T ab being the energy momentum tensor, and the constant κ is related to the gravitation constant G by κ 2 = 8πG, defining the torsion as
which vanishes in the standard formulation, constituting the second Einstein-Cartan equation. Here, varying the modified action with respect to w µ a ν , we obtain the equation
The totally antysimmetric tensor defined in the tangent space, may be expressed as ǫ µναβ = * e µ ∧ e ν ∧ e α ∧ e β . Using this and multiplying both hand sides by e α e β , one may finally express the equation of motion (11) in terms of the torsion tensor as follows:
This determines the effect of the Chern-Simons deformation on the space-time geometry, through an effective contribution to the torsion which depends on the external field. So equations (9), (12) describe the deformed geometry in the Einstein Cartan formulation. The same equations of motion might have been obtained directly by writing the Einstein-Hilbert term of the action as
which is convenient for some purposes. The corresponding vacuum Einstein equation is obtained by varying this action with respect to e µ , and it may be expressed as
We would like to end this part by pointing out some interesting features of this deformed theory. The gradient of the external field τ dictates the coupling of the geometric degrees of freedom with the SO(1, 3) Chern-Simons three-form Lagrangian
In fact, this may be expressed as
where V is a unit vector in the gradient direction. In the limit g → 0 the standard torsion-free Einstein theory is recovered and, on the other hand, when g → ∞, the CS term governs the action. In fact, notice that if g is considered constant and we rescale the spin-connection and define the new gauge variable A µν ≡ √ g w µν and the field strength (3) may be written as (from now on, we set 2κ 2 = 1):
where we have used the equivalence of the second term of (3) with the Chern-Simons form. Thus, we can see in this expression that, in this case, the first term is a first-order perturbation in (
while the second one, the Chern-Simons action, may be seen as the free kinetic term 5 . On each level (hyper)surface of the field τ (x), we have a Chern-Simons action for the connection A µν in the group SO (1, 3) , which contains the Lorentz-Poincaré group ISO(1, 2) if the dreibein Eμ (μ,ν = 0, 1, 2) , the gauge field associated with translations on those hypersurfaces, is identified with Aμ ,3 and the spinconnection Aμν is the gauge field associated with SO (1, 2) . This theory precisely describes 3d-gravity, which is exactly soluble (there are no local degrees of freedom) and its quantization is well understood [14] . By a similar argument as that for electrodynamics (shown in the introduction), we may observe that in the large g limit, the theory becomes a collection of decoupled Chern-Simons gravities on 2+1-dimensional manifolds which foliate the space-time. The function τ parameterizes these hypersurfaces and g = |τ ′ | encodes their density/number. So when this number is large the theory approaches to the CS description 6 . Apart from this, in the next section we are going to show that precisely these planar Chern-Simons theories describe the Einstein persistent solutions of the theory.
All these features naturally suggest an important question: Could this strong/weak behavior be interpreted as duality in some proper sense? Clearly, the answer could have some relation with the paradigmatic holographic principle (t 'Hooft 1993 and Susskind 1995) [16] and it shall be carefully analyzed elsewhere [17] .
BLS/CS Deformation and Persistence of Solutions.
Let us study some remarkable aspects of the problem of the persistence of the solutions in the EinsteinCartan formulation of BLS/CS gravity. Consider the decomposition of the curvature
Let us assume that τ parameterizes a foliation of the space-time {Σ τ } τ , thus we may define the projector (12) may be expressed as:
If we also consider the spin-connection one form decomposition
µν , and use dV = ddτ = 0, one may verify thatF µν is the curvature corresponding to the connection w µν .
Notice that the theory is torsion-free if and only if the connectionŵ µν , defined on the 2+1-embedded surfaces and valued on the de Sittergroup in 2+1-dimensions, SO (1, 3) , is such that the associated (threedimensional) curvature vanishes, which reveals an interesting structure related to the homotopic classes. So, the condition for the persistence of EC solutions readŝ
whereF µν is the curvature of the gauge variable corresponding to the de Sitter group of the Σ τ -submanifolds. Therefore, such connections on appropriate foliations, represent torsion-free geometries, and furthermore (remarkably), the solutions coincide with those of standard Einstein theory. Then, for each solution of (19), a pure gauge, one has a persistent solution. They may be expressed aŝ
Finally, one may use this form in the EC equations, and in this way, to construct all the GR (torsion-free) preserving solutions. Therefore, we may remarkably notice the existence of a correspondence between the classical solutions of pure source-free Chern-Simons theories (defined on a collection of 2+1 dimension manifolds which foliate the space-time) and the solutions of standard Einstein gravity, provided that they are solutions of full theory (3) .
Notice that the present preserving condition is stronger than the Pontryagyn constraint P = 0. In fact, by using (17), we get
which vanishes for the solutions of (19). In agreement with this, in Reference [8] it was already found that the Pontryagyn constraint is a necessary but not sufficient condition for persistence of solutions of the theory in the second-order formulation. This is important to check out consistency with the vanishing of the divergence of the energy-momentum tensor discussed in the previous Section, even when the field τ is considered external. In fact, for (vacuum) persistent solutions, the Pontryagyn constraint is satisfied, and therefore, the Einstein tensor is divergence free as expected. The question of the persistence constitutes an appropriate ambient to discuss the relation of this approach with the standard second order formulation [6] , since in both, it reflects the contribution to the equation of motion of the CS deformation. In fact in the second-order formulation, the persistence is ruled out by a vanishing Cotton tensor, which in standard notation is expressed as
, and this is related to the curvature tensor in the tetrad notation as R a bcd e µ a e b ν = R µν cd for a given external field τ . This curvature is associated to the canonical covariant derivative,∇ a , which is torsion-free and compatible with the metric g ab . The precise relation between these conditions of persistence will become clear in the next section.
Finally, we would like to remark that in nearly flat regions of the space-time (e.g. the spacial infinity of asymptotically flat solutions) the GR solutions are preserved independently of the magnitude of g = |dτ |. In particular, for all asymptotically flat space-time of the undeformed GR theory, the right-hand side of Eq. (12) vanishes, and BLS is undetectable near of the spacial infinity.
Einstein-Cartan Approach vs the Standard Formulation
Solving Eq. (12) [using (10) ] for the spin coefficients w µ a ν in terms of e ν a and ∂ a τ and replacing the solution into (9), we recover the modified Einstein equation for the tetrad e ν a (or, equivalently, for the metric g ab ) which may be seen as the equation of motion of a formulation of the theory whose only variable is the metric, however, this is a priori inequivalent to the standard second-order Jackiw-Pi approach [6] . Because of the presence of the torsion in this description one may trivially argue that the geometries described by the solutions of both formulations are very different. However here, we are going to discuss this question more carefully.
Let first us show that in fact one can solve Eq. (12) and find out a solution for w µ a ν in terms of e ν a and ∂ a τ even in modified gravity. We may do that by constructing a sort of perturbation scheme in the deformation parameter g, where each order in the expansion may be iteratively solved in terms of the lower ones. It shall be emphasized, however, that this procedure, developed here to study some properties of this formulation and its relation with the second-order formalism, should not be seen as a method to solve the equations of motion since it generates an equation for the tetrad whose order, in principle, grows as the power of g, which would require a consistent truncation to be solved. Because of this, it is convenient to solve the Eqs. (9) (12) as a first-order system of coupled equations. (12) to be w µν = W µν + K µν where W µν is the undeformed torsion-free (Christoffel) spin connection and K µν is the contortion one-form, then
Consider the solution of Eq
Substituting this into Eq. (12) we obtain
Let us consider now a solution K being an analytic function of g, which here, is assumed to be constant for simplicity. By consistency with the definition we clearly see that K(g = 0) = 0. The zeroth order equation is Θ = 0, which may be solved in terms of the frame and its partial derivatives
Then, let us consider Taylor's expansion in powers of g:
Substituting this into Eq. (12), we get to first-order
which may be easily solved for k 1 (or θ 1 ) in terms of W µν , dW µν , and e µ , 7 which furthermore by virtue of (26) may be expressed in terms of e µ . Finally, one may use the same procedure iteratively; order by order, the right hand side of the resulting equation will depend on the lower ones, namely,
Therefore, one may conclude that k n , ∀n ≥ 1 by induction, and consequently the full connection w µν , may be expressed in terms of e µ as claimed above. Notice that only at the trivial order (g → 0), the corresponding deformed Einstein equation results to be a second-order equation in partial derivatives of the variable e µ a (or g ab ). In principle, higher powers in g generically would contribute with higher order derivatives to this equation; however, it is possible that derivatives of the tetrad fields of orders higher than 3 in the deformed Einstein equation may be eliminated by using the Bianchi or other identities. A general calculation in this sense is a bit complicated technically and not very illuminating for our purposes here. We are able to clarify, however, the relation of the present formulation with the third order (in the tetrad field) equations of motion of the standard formulation [6] .
Plugging the solution w µν = W µν (= f µν (e, ∂ a e)) + gk µν 1 + . . ., back into (3), we obtain the CS deformed action for the tetrad field. Considering up to the first-order in g, we may express this as:
where W is the (torsion-free) Christoffel connection expressed in terms of the tetrad [Eq. (26)] and D W is the correspondent covariant derivative. The second term may then be integrated by parts and expressed as g (D W ∧ * (e µ ∧e ν ))∧k µν 1 up to boundary terms. This finally vanishes due to the torsion-free condition. Therefore, by definition of the Christoffel connection (encoded in W ), this action is coincident with that of Jackiw-Pi expressed in the first-order Einstein-Cartan language. The variation of this action with respect to the tetrad, may then be expressed as
where C µ a corresponds to the variation of the last term of (3) with respect to the tetrad which coincides with the Cotton tensor (C µ a e µ b = C ab ) by definition. The same result is obtained by plugging the first-order solution (28) into the (vacuum) Einstein equation (9) .
So, we may conclude that the present Einstein-Cartan formulation of CS modified gravity coincides with the standard approach (Ref [6] ) to first-order in the modulus of the breaking vector g(= |dτ |). 7 The solution reads θ
Notice in addition that if the constraint (19) is satisfied for all order in g, then the full connection w also satisfies the torsion-free condition; thus w = W , and K = 0. Thus as in the procedure above, substituting this solution into the action (3) gives the results:
where the constraint (19) was used to eliminate the last term of (30). The corresponding equation of motion reduces to the vacuum Einstein equation, R µ a = 0. In other words, the persistence condition (19) implies that the Einstein equation remains undeformed as expected. In particular to first order in g, consistency with Eq. (31) requires that the Cotton tensor vanishes identically when condition (19) is satisfied. In this way, we have used the statement on the agreement to first-order of both formulations, to argue that our persistence condition (19) not only guarantees that the space-time is torsion-free, but also that furthermore the metric satisfies the unmodified Einstein equation.
Spherically symmetric solution and nonperturbative (in)equivalence.
Concerning the equivalence of both formulations beyond the first order of the g expansion, we shall verify here that the Schwarzschild solution, which is persistent in the Jackiw-Pi formulation for a particular choice of dτ , but is not a solution of the present theory, in particular, the second-order already breaks down that persistence. This fact contradicts the nonperturbative equivalence of both formulations.
Let us consider the Schwarzschild solution given by the tetrad [18] :
and the particular choice τ ≡ g −1 0 t, where g 0 is an arbitrary constant. In Ref. [6] it was shown that this is an exact solution of the theory in the standard formulation, and in Ref. [8] it was extended to other choices of the breaking vector. In the present case this vector does not have a constant modulus; however, we even may define an expansion as (27) controlled by the parameter g 0 . Namely, V ≡ e 0 , dτ = g V ≡ g 0 f −1/2 V . Equation (28) gives the (first-order) torsion for the Schwarzschild space-time. The right-hand side of that equation is determined by the components of the curvature orthogonal to dt, associated with the torsion-free connection of the Schwarzschild solution:
The corresponding nontrivial contortion coefficients may be directly obtained by plugging (23) into (28) and solving a linear algebraic system of equations. The non-trivial coefficients are
On the other hand, the modified (vacuum) Einstein equation reads
So, the condition for the persistence of the solution for the tetrad (33) in the EC approach is
The first-order of this equation is trivial since this solution is persistent in the standard approach [6] , thus we may formulate the persistence condition for the following order as
In fact, we are going to observe that this equation cannot be satisfied and consequently, that the Schwarzschild metric is not a solution in the EC formulation. The second-order contortion coefficients may be obtained by solving the equation
which is similar in form to Eq. (28) and may be solved in the same way. Substituting k (1) by the solution (35), and using that
, it may be easily shown that
Therefore, it is convenient to search for the component µ = 2 of the right-hand side of (39) which, by virtue of (41), reduces to
where we have also multiplied by e 2 and used that k 0µ
(1) = k 0µ (2) = 0 and the antisymmetry of ǫ µναβ . This is clearly in contradiction with the condition (39). Thus, the Schwarzschild metric is not a solution to the deformed Einstein equation in the EC approach which means that equivalence with the standard formulation is lack. So, we may conclude this section by emphasizing that both formulations approach each other to leading order in g, but they are inequivalent because the contribution of the higher orders is not trivial.
Final remarks
This work consists in the natural application to gravity of some ideas about theories with a ChernSimons term in four dimensions, which breaks the Lorentz symmetry through a formulation where the gauge structure of the theory is explicit [5] .
We found the conditions to get persistent GR solutions. They have a simple geometric interpretation and link with topological gauge theories. In a forthcoming paper, we will focus on the study of these and other exact solutions of the deformed theory.
Finally, we analyzed the relation between the present Einstein-Cartan formulation of CS-Lorentzviolating gravity and the standard one proposed by Jackiw and Pi [6] , based on a Taylor expansion in powers of the modulus of the external breaking vector.
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Appendix: The Abstract index Notation and Einstein-Cartan formalism
In this work, we shall use the abstract index notation [18] , namely, a tensor of type (n, m) shall be denoted by T a1.....an b1.....bm , where the Latin index stands for the numbers and types of variables on which the tensor acts and not as the components themselves on a certain basis. Then, this is an object having a basis-independent meaning. In contrast, Greek letters label the components, for example T µν α denotes a basis component of the tensor T ab c . We start off with the Cartan's formalism of GR. We introduce [18] an orthonormal basis of smooth vector fields (e µ ) a , satisfying (e µ ) a (e ν ) a = η µν ,
where η µν = diag (−1, 1, 1, 1 ). In general, (e µ ) a is referred to as vielbein. The metric tensor is expressed as g ab = (e µ ) a (e ν ) b η µν .
From now on, component indices µ, ν, .. will be raised and lowered using the flat metric η µν and the abstract ones, a, b, c... with space-time metric g ab . Now we define the Ricci rotation coefficients, or spin-connection,
where w aµν is antisymmetric, and, together with (43), is equivalent to the compatibility condition
From (45) 
where Γ c ab are the Christoffel symbols connection. It is useful to define the part of the covariant derivative referred only to the internal indices correspondent to the spin-connection w 
In the standard Einstein formulation of GR, the connection is assumed to be torsion free. This is expressed by ( 
The components of the Riemman's tensor in this orthonormal basis are given as follows 
Equations (49) and (50) 
where one has defined T ′ ab := T ab + g ab (T cd g cd )/2, T ab being the energy-momentum tensor, and the constant κ is related to the gravitation constant, G, by κ 2 = 8πG. Equations (47) and (51) are a system of coupled first-order nonlinear equations for the variables (e, w) which determine 8 the dynamics of GR.
This yields the so-called "Einstein-Cartan formalism"; we obtain, thereby, a first-order EinsteinHilbert action which can be expressed as
where e = (− det g) 1/2 = det(e 
